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In this paper we derive a hierarchy of integral equations from the 4PI effective action which have
the form of Bethe-Salpeter equations. We show that the vertex functions defined by these equations
can be used to truncate the exact renormalization group flow equations. This truncation has the
property that the flow is a total derivative with respect to the flow parameter. We also show that
the truncation is equivalent to solving the nPI equations of motion. This result establishes a direct
connection between two non-perturbative methods.
PACS numbers: 11.10.-z, 11.15.Tk, 11.10.Kk
I. INTRODUCTION
There is much interest in the study of non-perturbative systems, which cannot be solved by ex-
ploiting the existence of a small expansion parameter. In this paper we discuss two formalisms that
have been proposed to address non-perturbative problems: n-particle irreducible (nPI) effective the-
ories [1, 2], and the exact renormalization group (RG) [3–6]. The nPI formalism has been used to
study finite temperature systems (see for example [7, 8]), non-equilibrium dynamics and subsequent
late-time thermalization (see [9] and references therein), and transport coefficients [10–13]. The
exact RG has been applied to a variety of problems (for reviews see [14–19]).
It has been proposed that the hierarchy of RG flow equations could be truncated at the level of the
first equation using the Bethe-Salpeter (BS) equation derived from the 2PI effective action [20, 21].
The flow of the 2-point function is a total derivative with respect to the flow parameter, and the
integral of the flow equation gives an integral equation whose solution is equivalent to the equation of
motion (eom) for the 2-point function from the 2PI effective action. In this paper we show that the
4PI effective action produces two BS equations that can be used to truncate the RG flow equations
at the level of the second equation, and that the resulting flow equations for the 2- and 4-point
functions are total derivatives whose integrals give the 4PI eom’s. This result is surprising. Since
the full hierarchy of RG flow equations are obtained using a single bi-local source term, one does
not expect a connection to the nPI formalism beyond the lowest 2PI level. It suggests that a BS
truncation at arbitrary orders produces equations whose integrals give the nPI eom’s, and establishes
a direct connection between two non-perturbative methods. It also means that the truncation of the
RG equations at any level of the hierarchy can be systematically extended by adding more and more
skeleton diagrams to the effective action. For the nPI formalism, there could be a practical advantage
in reformulating the integral equations as flow equations, because initial value problems are usually
easier to solve than non-linear integral equations. Furthermore, regarding the vertices from the nPI
effective theory as flow equations gives new insight into the problem of how to renormalize the nPI
effective theory for n > 2 [22].
The paper is organized as follows. In section II we define our notation. In sections III and IV we
give brief reviews of the RG flow equations and nPI effective action. In section V we review the
derivation of the BS equation for the 4-point vertex from the 2PI effective action, and the procedure
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2to use this equation to truncate the lowest order RG flow equation. In section VI we calculate the
higher order BS equations that we will need, and in section VII we show how they can be used to
truncate the renormalization group equations at higher orders. We present our conclusions in section
VIII. Some details are left to the appendices.
II. NOTATION
We work with a scalar field theory with quartic coupling and consider only the symmetric case
where the expectation value of the field is zero. We define all propagators and vertices with factors
of i so that figures look as simple as possible: lines, and intersections of lines, correspond directly to
propagators and vertices, with no additional factors of plus or minus i. The classical action is:
S[ϕ] =
∫
ddx
(
1
2
ϕ(x)2 −
m2
2
ϕ(x)2 −
i
4!
λϕ(x)4
)
, (1)
and the bare propagator is defined:
G−10 (x, y) = −i
δ2S[ϕ]
δϕ(x)δϕ(y)
. (2)
We use a compactified notation in which the space-time coordinates are represented by a single
numerical subscript. For example, the propagator in equation (2) is written Gij := G(xi, xj). We
also use an Einstein convention in which a repeated index implies an integration over space-time
variables. Using this notation we define the generating functionals:
Z[J ] =
∫
dϕExp[i(S + Jiϕi)] ,
W [J ] = −iLnZ[J ] ,
Γ[φ] = W [J ]− Ji
δW
δJi
. (3)
The functional W [J ] is the generator of connected functions which are defined:
V cx1,x2,x3,···xk = 〈ϕx1ϕx2ϕx3 . . . ϕxk〉c = −(−i)
k+1 δ
kW
δJxk . . . δJx3δJx2δJx1
. (4)
The functional Γ[φ] generates 1-line irreducible, or proper, n-point functions. Using the notation
Γ = −iΦ they are defined:
Vx1,x2,x3,···xk= Φ
(n)(x1, x2, x3, · · ·xn) =
δkΦ[φ]
δφxk . . . δφx3δφx2δφx1
.
Equations (2), (3) and (5) give1
− Φ(2)(x, y) = G−1(x, y) = G−10 − Σ(x, y) . (5)
These n-point functions are invariant under translations of the co-ordinates and therefore in mo-
mentum space they depend on n− 1 momenta. We use incoming momenta and the convention that
1 The minus sign on the left side of this equation comes from the fact that the effective action is defined as a functional of the propagator
instead of the inverse propagator.
3the Fourier transformed n-point functions are defined without the 4-dimensional delta function that
enforces the conservation of momentum:
(2pi)dδd(p1 + p2 + · · · pn)Φ
(n)(p1, p2, · · ·pn) =
n∏
k=1
∫
ddxk e
i
∑n
j=1 pjxj Φ(n)(xi · · ·xn) . (6)
We often use the shorthand notation:
Φ(n))(p1, p2, · · ·pn−1,−p1 − p2 − · · · pn−1) = Φ
(n))(p1, p2, · · ·pn−1) , (7)
for example we write Φ(2)(p,−p) = Φ(2)(p) = −G−1(p).
III. RENORMALIZATION GROUP FLOW EQUATIONS
In this section we give a brief summary of the RG flow equations (for reviews see [14–19]). The
RG is constructed by building a family of theories indexed by a continuous parameter κ with the
dimension of a momentum, such that fluctuations are smoothly taken into account as κ is lowered
from the microscopic scale Λ (at which the couplings are defined) down to zero. To accomplish this,
we add to the original action a non-local term which is quadratic in the fields:
∆Sκ[ϕ] =
1
2
∫
dQRκ(q)ϕ(q)ϕ(−q) , dQ :=
ddq
(2pi)d
. (8)
The function Rκ(q) is chosen so that it approaches zero for q & κ and κ
2 for q ≪ κ. The first of these
properties ensures that modes ϕ(q & κ) are unaffected, and the second suppresses the contribution
of the modes ϕ(q ≪ κ) by giving them a mass ∼ κ.
Generating functionals are defined as in equation (3) with the action S replaced by S + ∆Sκ, so
that each generating functional now depends on the flow parameter κ. Differentiating with respect
to κ we obtain:
∂κWκ =
1
2
∫
dQ∂κRκ〈ϕ(q)ϕ(−q)〉κ =
1
2
∫
dQ∂κRκGκ(q,−q) , (9)
where the subscript on the expectation value indicates that it depends on κ (we remind the reader
that we are considering the symmetric theory for which 〈ϕ〉κ = 0). It is easy to obtain the corre-
sponding expression for the effective action. Using Φκ = iΓκ and defining Rκ = iRκ we obtain:
∂κΦκ =
1
2
∫
dQ∂κRκ〈ϕ(q)ϕ(−q)〉κ =
1
2
∫
dQ∂κRκGκ(q,−q) , (10)
and equation (5) becomes:
−G−1κ = Rκ + Φ
(2)
κ , (11)
which gives:
∂κ(Gxy)κ = (Gxa)κ ∂κ(Rκ + Φ
(2)
κ )ab (Gby)κ . (12)
The diagrammatic notation we will use for equation (12) is shown2 in figure 1.
2 Figures in this paper are drawn using jaxodraw [24].
4=+∂κGκ =
FIG. 1. Diagrammatic representation of equation (12). The solid dot represents the insertion ∂κRκ, the box with the cross is
∂κΦ
(2)
κ , and the grey dot (red on-line) is the sum. Arrows on the ends of the lines indicate that propagator legs are attached.
Functionally differentiating equation (10) with respect to φ produces a hierarchy of equations
known as the exact RG flow equations. The first two equations in this hierarchy are (p4 = −p1 −
p2 − p3):
∂κΦ
(2)
κ (p) =
1
2
∫
dQ∂κRκ(q)G
2
κ(q)Φ
(4)
κ (p,−p, q,−q) , (13)
∂κΦ
(4)
κ (p1, p2, p3, p4) =
1
2
(6)
∫
dQΦ(4)κ (p1, p2,−q)Gκ(q)∂κRκ(q)Gκ(q)Gκ(p1 + p2 − q)Φ
(4)
κ (q, p3, p4)
+
1
2
∫
dQGκ(q)∂κRκ(q)Gκ(q)Φ
(6)
κ (q, p1, p2, p3, p4) . (14)
These equations are shown in figure 2. The factor (6) in equation (14) and figure 2 is a short-hand
notation which means that there are 6 permutations of external legs only one of which is explicitly
indicated. These correspond to the 4! ways to permute the 4 external legs of the diagram, divided
by a factor 2·2=4 to account for the fact that the vertices Φ
(4)
κ (p1, p2,−q) and Φ
(4)
κ (q, p3, p4) are
symmetric under permutation of their legs. The 5 terms that are not written can be produced from
the one which is using the variable changes: p2 ↔ p1, p2 ↔ p4, {p1, p2} ↔ {p2, p3}, {p1, p2} ↔
{p2, p4}, {p1, p2} ↔ {p3, p4}. Throughout this paper we will use this notation: numerical factors
in brackets in equations (figures) represent additional terms that correspond to permutations of
external indices that are not written (drawn).
= (6)12 +
1
2
= 12
FIG. 2. Diagrammatic representation of equations (13) and (14). Dark grey boxes with 2, 4 and 6 legs represent Φ
(2)
κ , Φ
(4)
κ and
Φ
(6)
κ , respectively. Boxes with crosses through them (on the left side of the figure) represent the derivative with respect to the
flow parameter of the corresponding vertex. The solid dot on a propagator represents the insertion ∂κRκ.
The RG flow equations form an infinite coupled hierarchy: the equation for Φ(2n) involves Φ(2) and
Φ(2[n+1]). In order to do calculations, one must truncate the hierarchy. This is a common feature of
non-perturbative methods, and often leads to difficulties (see for example [28–31]).
5IV. THE nPI EFFECTIVE ACTION
The nPI effective action is obtained by taking the nth Legendre transform of the generating
functional which is constructed by coupling the field to n source terms:
Z[J,R,R(3), R(4), . . . ] =
∫
dϕ Exp[iX ] , (15)
X = Scl[ϕ] + Jiϕi +
1
2
Rijϕiϕj +
1
3!
R
(3)
ijkϕiϕjϕk +
1
4!
R
(4)
ijklϕiϕjϕkϕl + · · · ,
W [J,R,R(3), R(4), . . . ] = −iLnZ[J,R,R(3), R(4), . . . ] ,
Γ[φ,G, U, V . . . ] = W − Ji
δW
δJi
− Rij
δW
δRij
− R
(3)
ijk
δW
δR
(3)
ijk
−R
(4)
ijkl
δW
δR
(4)
ijkl
− · · ·
For future use we note the relations:
δW
δJi
= 〈ϕi〉 = φi , (16)
2
δW
δRij
= 〈ϕiϕj〉 = Gij + φiφj . (17)
The nPI effective action is obtained from the last line of Eq. (15) and can be written:
Γ[φ,G, U, V . . . ]= −iΦ[φ,G, U, V . . . ] (18)
= Scl[φ] +
i
2
Tr LnG−1 +
i
2
Tr
[(
G0
)
−1
G
]
− iΦ2[φ,G, U, V . . . ] + const .
The term Φ2[φ,G, U, V . . . ] contains all contributions to the effective action which have two or more
loops. For example, for the 4-Loop 4PI effective action [13, 25, 26] in the symmetric theory Φ2 is
shown in figure 3.
1
8 +
1
48
BBALL0
+ 124
EIGHT
−
1
48
BBALL
FIG. 3. The functional Φ2 for the 4-Loop 4PI effective action. Bare vertices are denoted by open circles and effective vertices
are solid dots.
The self consistent propagator and vertex are obtained through the variational principle by solving
the equations produced by taking the functional derivative of the effective action and setting the
result to zero. For the 4PI effective theory this gives:
−
δΦ
δGxy
= −G−1xy + (G
−1
0 )xy − Σxy = 0 , Σxy = 2
δΦ2
δGxy
, (19)
4!G−1xx′G
−1
xx′G
−1
xx′
δΦ
δVx′y′w′z′
= −Vxywz + λδxyδxwδxz + 4!G
−1
xx′G
−1
yy′G
−1
ww′G
−1
zz′
δΦˆ2
δVx′y′w′z′
= 0 . (20)
The minus sign on the left side of equation (19) is related to the minus sign in equation (5) and is
discussed in footnote 1. The term −G−1xy comes from the 1-loop terms in the effective action and is
6moved to the other side of the equation to produce the usual form of the Dyson equation. This is
shown in figure 4. In equation (20) the term −Vxywz is produced by the basketball (BBALL) diagram
in figure 3 and is moved to the other side to produce the equation of motion shown in figure 5.
Σ = 12 +(2)
1
6 −
1
6 +
1
4
= 12 +
1
6
G
−1 = G−10 − Σ
FIG. 4. Equation of motion for the self-energy from the 4-Loop 4PI effective action. The second line illustrates the notation we
use throughout this paper in which different permutations of external indices are indicated with a bracketed numerical factor.
In the third line we have used the equation of motion for the 4-point function which is shown in figure 5.
= +
1
2 +
1
2 +
1
2 = (3)
1
2
FIG. 5. Equation of motion for the 4-point function from the 4-Loop 4PI effective action. In the last section of the figure
different permutations of external indices are indicated with a bracketed numerical factor.
V. LOWEST ORDER TRUNCATION
A. Bethe-Salpeter equation from the 2PI effective action
It is well known that the 2PI effective action can be used to obtain a 4-point vertex called the
Bethe-Salpeter vertex [27]. In this section we review the derivation of this equation. We calculate
the functional derivative of the effective action with respect to the 2-point function Gkl and the
source Rij . We do the calculation in two different ways and equate the results. First, we use the last
line in equation (15) with the derivatives δW/δJ and δW/δR written in terms of the expectation
value and propagator using equation (16). Differentiating we obtain:
δ
δRij
δ
δGkl
Φ= i
δ
δRij
(
δJx
δGkl
δW
δJx
+
δRxy
δGkl
δW
δRxy
−
δJx
δGkl
φx
−
1
2
δRxy
δGkl
(
Gxy + φxφy
)
−
1
4
Rxy(δxkδyl + δxlδyk)
)
. (21)
Using (16) the first and third, and the second and fourth terms on the right side cancel identically,
and we are left with:
δ
δRij
δ
δGkl
Φ = −
i
4
(
δikδjl + δilδjk
)
. (22)
Now we repeat the calculation using equation (18) for the effective action. We obtain:
δ
δRij
δ
δGkl
Φ =
δφx
δRij
δ2Φ
δφxδGkl
+
δGxy
δRij
δ2Φ
δGxyδGkl
. (23)
7Since we consider only the symmetric theory, we drop all terms that correspond to vertices with an
odd number of legs, which means that only the second term on the right side survives. Using (18)
we write:
4
δ2Φ
δGxyδGkl
= 4
δ2(Φ− Φ2)
δGxyδGkl
+ 4
δ2Φ2
δGxyδGkl
,
=: Λdiscoxykl + Λxykl = −(G
−1
xkG
−1
yl +G
−1
xl G
−1
yk ) + Λxykl . (24)
The term Λdiscoxykl represents all disconnected contributions and comes from the 1-loop terms in the
effective action, and Λxykl contains all contributions from Φ2.
The last step is to calculate the derivative of the propagator with respect to the source R. We
have:
δGxy
δRij
=
δ
δRij
(
〈ϕxϕy〉 − 〈ϕx〉〈ϕy〉
)
,
=
i
2
(
〈ϕxϕyϕiϕj〉 − 〈ϕxϕy〉〈ϕiϕj〉 + · · ·
)
,
=
i
2
(
GiaGjbGxcGydVabcd +GixGjy +GiyGjx + · · ·
)
, (25)
where the dots indicate expectation values which contain an odd number of field operators and are
dropped since we are considering the symmetric theory.
We substitute equations (24) and (25) into (23) and set the result equal to the expression obtained
in (22). This procedure gives:
0 =
i
4
GixGjy
(
− Vklxy + Λklxy +
1
2
ΛklabGacGbdVcdxy
)
, (26)
where we have used the fact that the vertex Vklxy is symmetric with respect to permutations of
any pair of indices, and the vertex Λklxy is symmetric with respect to permutations of the first
two indices, or the second two indices, or the interchange of the first pair and the second pair:
Λklxy = Λlkxy = Λklyx = Λxykl. Truncating the external legs we obtain the standard form of the BS
equation:
Vxykl = Λxykl +
1
2
ΛxyabGacGbdVcdkl . (27)
We consider systems in thermal equilibrium for which the system is invariant under space-time
translations. In this case equation (27) can be written in momentum space as:
V (p,−p, q,−q) = Λ(p,−p, q,−q) +
1
2
∫
dK Λ(p,−p, k,−k)G2(k)V (k,−k, q,−q) . (28)
Due to the translation invariance of the propagator, the 4-point function does not have general mo-
mentum arguments, but rather is restricted to the particular configuration indicated in equation (28).
We will refer to these momentum arguments as “diagonal.” Equation (28) is shown diagrammatically
in figure 6.
FIG. 6. Diagrammatic representation of the BS equation in equation (28). Boxes and circles represent the vertex V and kernel
Λ, respectively.
8B. Truncation of the lowest order renormalization group equation
It has been proposed that the hierarchy of RG flow equations could be truncated using the BS
equation derived in the previous section [20, 21]. The procedure is as follows. We extend equation
(28) to the deformed theory by writing:
Vκ(p,−p, q,−q) = Λκ(p,−p, q,−q) +
1
2
∫
dK Λκ(p,−p, k,−k)G
2
κ(k)Vκ(k,−k, q,−q) . (29)
In this equation the subscript on Λκ indicates that the functional derivative which defines the kernel
is taken with respect to the propagator, and the kernel is then evaluated at G = Gκ (as defined in
equation (11)). If we use Φ
(4)
κ = Vκ the equations (13) and (29) form a closed set. If the full effective
action is used, the solution of this coupled system of equations gives the full 2-point function, and
the full 4-point function for diagonal momenta. This observation points out an important feature
of the truncation: it can be systematically extended by adding more and more skeleton diagrams to
the effective action.
The result of the truncation is easiest to see diagrammatically and is shown in figure 7. In the first
line of this figure we replace the dark grey box in the tadpole diagram in figure 2 (which represents
Φ
(4)
κ ) by the light grey box on the left side of figure 6 (which represents Vκ). Using right side of
figure 6 we obtain the second line of figure 7. The box of dotted lines is just the insertion 2∂κΦ
(2)
κ ,
using the first line of the figure. Inserting the first line into the second we obtain the first part of
the third line. In the second part of the third line we use the notation in figure 1 to represent the
sum of terms ∂κRκ + ∂κΦ
(2) by a small grey dot (red on-line).
2∂κΦ
(2)
κ
= 12
= 12
= 12 =
1
2+
1
2
+ 14
FIG. 7. The result obtained using the BS equation from section VA to truncate the first RG flow equation in (13).
An interesting aspect of this truncation is that it has the property that the flow is a total derivative
with respect to the flow parameter κ. To prove this, we consider the 2-point function obtained from
the 2PI effective action. Using equation (19) and evaluating at G = Gκ after taking the functional
derivative we obtain:
(Σij)κ = 2
δΦ2
δGij
∣∣∣∣
Gκ
= Σij [Gκ] , (30)
9and therefore:
∂κ(Σij)κ= 2∂κ(Gkl)κ
δ2Φ2
δGklδGij
∣∣∣∣
Gκ
=
1
2
∂κ(Gkl)κ(Λijkl)κ ,
=
1
2
[
(Gka)κ∂κ(Rab + Φ
(2)
ab )(Gbj)κ
]
(Λijkl)κ , (31)
where we used equations (24) and (12) in the first and second lines. Equation (31) is exactly the
result for ∂κΦ
(2)
κ that is shown in the last line of figure 7 and therefore we have obtained:
∂κΦ
(2)
κ = ∂κΣκ . (32)
Thus we have shown that the flow is a total derivative with respect to the flow parameter, and the
integral of the flow equation gives an integral equation whose solution is equivalent to the equation
of motion for the 2-point function from the 2PI effective action.
VI. HIGHER ORDER BS EQUATIONS
In this section we derive some higher order Bethe-Salpeter type equations from the 2PI and 4PI
equations of motion. In the next section we will show how to use these equations to truncate the
RG hierarchy at higher orders. Throughout this paper we use circles to denote kernels and boxes
are vertices obtained by solving integral equations.
A. Kernel notation
We introduce some notation for the various kernels that we will encounter:
Λdiscoabcd···rstuvxyz··· + Λabcd···rstuvxyz··· = 2
#G4!#V
(
G−1rr′ · · ·G
−1
zz′
) δ(#G)+(#V )Φ
δGabδGcd · · · δVr′s′t′u′δVv′x′y′z′ · · ·
(33)
The factors #G and #V indicate the number of G’s and V ’s with respect to which the functional
derivatives are taken. The inverse propagators truncate the legs that are left behind by the functional
derivatives with respect to V (there are 4 · (#V ) inverse propagators in total) which produces an
amputated kernel. The definition of the kernel Λab··· excludes the disconnected contribution because
this piece will always cancel in BS equations. For #G = 2 and #V = 0 equation (33) reduces to
(24).
Note that the kernels defined in (33) for the cases where only one derivative is taken are not really
kernels, since the right side is just the equation of motion for the corresponding vertex. In this case
we obtain an integral equation by moving the vertex to the other side of the equation, as explained
under equation (20).
Above equation (27) we commented on the symmetries of the 4-point vertex Λabcd with respect to
interchange of leg indices. In general, the vertices in equation (33) are symmetric with respect to the
interchange of any two co-ordinates which came from the same G or V in the functional derivative.
In addition, if there is more than one G or V , one can interchange the full set of corresponding
indices (in any order). For example, consider the 8-point kernel:
Λdiscoabcdrstu + Λabcdrstu = 2
24!
(
G−1rr′G
−1
ss′G
−1
tt′ G
−1
uu′
) δ3Φ
δGabδGcdδVr′s′t′u′
. (34)
10
Some permutations of the variables {a, b, c, d, r, s, t, u} that produce the same vertex are: a ↔ b,
r ↔ s and {a, b} ↔ {c, d}. Two permutations that do not are a↔ c and a↔ r.3
In equilibrium, translation invariance means that the kernels will depend only on the differences of
the co-ordinate indices of each element of the functional derivative. For example, the vertex in (34)
does not depend on xa and xb individually, but only on the difference xa − xb. Similarly, it does not
depend on xr, xs, xt and xu but only on (for example) xr−xu, xs−xu and xt−xu. The consequence
of this invariance is that in momentum space the kernel does not have a number of independent
momentum arguments equal to the number of its legs. For example, the Fourier transform of the
vertex in equation (34) has the form Λ(p,−p, k,−k, q1, q2, q3,−q1 − q2 − q3) (using the shorthand
notation introduced in equation (7) we sometimes write Λ(p, k, q1, q2, q3)). Using #G = 2 and
#G = 3 we obtain 4- and 6-point kernels which have diagonal momentum arguments of the form
Λ(p,−p, q,−q) and Λ(p,−p, q,−q, k,−k). Using #G = 1 and #V = 1 produces a 6-point kernel
with momentum arguments Λ(p,−p, q1, q2, q3,−q1 − q2 − q3) which we will call partially-diagonal.
Thus the general 6-point function depends on 5 independent momenta, and the partially-diagonal
and diagonal 6-point functions depend on 4 and 3 independent momenta, respectively. Note that we
always use the convention that the delta functions that enforce the conservation of momentum are
removed from the Fourier transformed vertex (see equation (6)).
B. BS equation for a 6-point vertex from the 2PI effective action
One can obtain a BS equation for a 6-point vertex from the 2PI effective action using the method
that was used in section VA for the 4-point function. To obtain a 6-point vertex we calculate the
functional derivative δ3Φ/δRδRδG. Using the chain rule we have:
0 =
δ3Φ
δRabδRcdδGef
=
δ2Gxy
δRabδRcd
δ2Φ
δGxyδGef
+
δGxy
δRcd
δGrs
δRab
δ3Φ
δGrsδGxyδGef
, (35)
where the zero on the left side is obtained from equation (22). Using equation (33) the second
derivative of the effective action with respect to the propagator gives the kernel 1
4
(Λdiscoxyef +Λxyef) and
the third derivative gives:
8
δ3Φ
δGrsδGxyδGef
= Λdiscorsxyef + Λrsxyef . (36)
The disconnected contribution comes from the functional derivatives acting on the 1-loop piece of
the effective action and is:
Λdiscorsxyef= −(G
−1
ey G
−1
fsG
−1
rx +G
−1
ey G
−1
frG
−1
sx +G
−1
es G
−1
fyG
−1
rx +G
−1
er G
−1
fyG
−1
sx
+G−1exG
−1
fsG
−1
ry +G
−1
es G
−1
fxG
−1
ry +G
−1
exG
−1
frG
−1
sy +G
−1
er G
−1
fxG
−1
sy )
= (8)G−1ey G
−1
fsG
−1
rx . (37)
There are eight terms which correspond to the eight ways to group the indices {r, s, x, y, e, f} into
the three factors of inverse propagators, excluding terms of the form G−1ij where {i, j} = {r, s} or
{x, y} or {e, f}. In the last line of equation (36) we use the notation introduced in section III and
write only one term, indicating that there are eight terms in total with the factor (8).
3 Some authors insert a semi-colon between the two pairs of indices in the vertex Λabcd to remind the reader that permutations of individual
indices across the semi-colon are illegal. Using this notation we would write Λab;cd;rstu instead of Λabcdrstu. To keep equations as short
as possible, we do not use the semi-colon and ask the reader to remember which sets of indices came from which functional derivative.
11
The functional derivative δG/δR is calculated in section VA and the result is given in equation
(25). The method to obtain the second derivative is exactly analogous. Starting from the expression
in equation (25) and taking an additional derivative we obtain:
− 4
δ
δRcd
δGxy
δRab
= 〈ϕcϕdϕaϕbϕxϕy〉 − 〈ϕcϕd〉〈ϕaϕbϕxϕy〉
−〈ϕcϕdϕxϕy〉〈ϕaϕb〉+ 〈ϕcϕd〉〈ϕxϕy〉〈ϕaϕb〉
−〈ϕxϕy〉〈ϕcϕdϕaϕb〉+ 〈ϕcϕd〉〈ϕxϕy〉〈ϕaϕb〉 . (38)
Converting to connected functions the right side of (38) becomes:
V cabcdxy+GayV
c
bcdx +GdyV
c
abcx +GcyV
c
abdx +GbyV
c
acdx +GdxV
c
abcy +GcxV
c
abdy +GbxV
c
acdy
+GaxV
c
bcdy +GbdV
c
acxy +GadV
c
bcxy +GbcV
c
adxy +GacV
c
bdxy +GayGbdGcx +GayGbcGdx
+GadGbyGcx +GacGbyGdx +GaxGbdGcy +GadGbxGcy +GaxGbcGdy +GacGbxGdy . (39)
Combining permutations of external indices to make this result more compact we write:
− 4
δ2Gxy
δRcdδRab
= V cxyabcd + (8)V
c
xabcGyd + (4)V
c
xyabGcd + (8)GxaGybGcd . (40)
Substituting equations (24), (25), (36) and (39) into (35) produces a lengthy expression that can
be manipulated into a compact form. The result is shown in figure 8, and some details are given in
Appendix A. In equilibrium the expression depends only on the differences of co-ordinates (xa−xb),
(xc − xd) and (xe − xf ), and in momentum space it depends on only 3 momenta. For example, the
momentum dependence of the vertex Λabcdef (the second diagram on the right side of figure 8) is
shown in figure 9.
FIG. 8. The BS equation for 6-point vertex function from the 2PI effective action. The numbers under each graph refer to the
discussion in Appendix A.
FIG. 9. Part (2) of figure 8 with co-ordinate indices and momentum arguments for each leg.
12
We note that the BS equations in figures 6 and 8 do not form a closed set, since the diagrams (1B)
and (3B) in figure 8 contain non-diagonal 4-point vertices. In section VIIA we will show that, in
spite of this, these BS equations can be used to truncate the RG equations at the level of the second
equation, because of the fact that the vertex Φ
(4)
κ also contains non-diagonal 4-point vertices.
C. BS equations from the 4PI effective action
In this section we obtain two BS type integral equations from the 4PI effective action. Throughout
this paper, in order to avoid a proliferation of indices, we do not introduce additional subscripts to
distinguish the 2PI and 4PI effective actions and the vertices obtained from them.
We can obtain the BS equation for a diagonal 4-point function from the 4PI effective action,
following the technique in section VA, by calculating the functional derivative δ3Φ/δRδG where Φ
is the 4PI effective action instead of the 2PI one. In section VA the integral equation for the 4-vertex
was obtained by comparing the results of equations (22) and (23). Using the 4PI effective action,
equation (21) contains two additional terms produced by the source R(4), but it is easy to see that
the result in equation (22) is unchanged. Equation (23) becomes (in the symmetric theory):
δ
δRij
δ
δGkl
Φ =
δGxy
δRij
δ2Φ
δGxyδGkl
+
δVxywz
δRij
δ2Φ
δVxywzδGkl
. (41)
Using equation (33) the two terms on the right side contain the kernels 1
4
(Λdiscoxykl +Λxykl) and
1
2
1
4!
Λxywzkl
(note that the kernel obtained from δΦ/δGδV does not have a disconnected piece). The derivative
δG/δR is calculated in section VA and given in equation (25). The derivative δV/δR can be
calculated in exactly the same way. Some details are found in Appendix B, the result is given in
equation (B6). Substituting the expressions for the derivatives we obtain the result in figure 10.
+12 +
1
4 +
1
24=
(1) (2) (3) (4)
FIG. 10. The BS equation that is produced by the functional derivative δΦ/δRijδGkl where Φ is the 4PI effective action. Legs
on the left side of the figure have indices (k, l) and in momentum space they carry momenta ±p. The legs on the right side
have indices (i, j) and carry momenta ±q.
We can also obtain a BS equation for a partially-diagonal 6-point function of the form V (p,−p, k1, k2, k3,−k1−
k2−k3) by calculating the functional derivative δΦ/δRδV where Φ is the 4PI effective action. Using
the chain rule we obtain:
0 =
δ2Φ
δRabδVcdef
=
δGxy
δRab
δ2Φ
δGxyδVcdef
+
δVxywz
δRab
δ2Φ
δVxywzδVcdef
, (42)
where the zero on the left side comes from equation (22). The functional derivatives of the effective
action give the kernels (see equation (33)):
2 · 4!
δ2Φ
δGxyδVcdef
= Gcc′Gdd′Gee′Gff ′
(
Λxyc′d′e′f ′
)
,
4! · 4!
δ2Φ
δVxywzδVcdef
= Gxx′Gyy′Gww′Gzz′Gcc′Gdd′Gee′Gff ′
(
Λdiscox′y′w′z′c′d′e′f ′ + Λx′y′w′z′c′d′e′f ′
)
. (43)
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The kernel obtained from δΦ/δGδV does not contain a disconnected piece. The kernel from δΦ/δV δV
does have a disconnected piece which is produced by the basketball diagram. The derivative
δGxy/δRab is given in equation (25) and δVxywz/δRab is calculated in Appendix B. To obtain the BS
equation we substitute (25), (43) and (B6) into (42). After a tedious but straightforward calculation
we obtain the result in figure 11.
−(6) + 124 +
1
2 +
1
4
=
(1) (2) (3) (4) (5)
FIG. 11. The BS equation that is produced by the functional derivative δΦ/δRabδVxywz. Legs on the left side of the figure
have indices (a, b) and in momentum space they carry momenta ±p. The legs on the right side have indices (x, y,w, z) and
carry momenta (k1, k2, k3,−k1 − k2 − k3).
VII. HIGHER ORDER TRUNCATIONS
A. Truncation at the second level using the 2PI effective action
In this section we consider the truncation of the RG flow equations at the level of the second equa-
tion using integral equations obtained from the 2PI effective action (figures 6 and 8) and following
the same procedure as in section V. The truncation can only be done if we restrict the second RG
flow equation (equation (14)) to diagonal external momenta and consider only 4-point functions of
the form Φ
(4)
κ (p,−p, q,−q), so that the 6-point function that appears in the tadpole diagram has
diagonal momentum arguments of the form Φ
(6)
κ (p,−p, q,−q, k,−k). The BS equations have kernels
with four and six legs of the form Λijkl = 4δΦ/δGijδGkl and Λijklrs = 8δΦ/δGijδGklδGrs which can
be extended to the deformed theory by taking functional derivatives of the effective action and then
evaluating at G = Gκ. This produces BS 4- and 6-point vertices that depend on the flow parameter.
We show below how to truncate the hierarchy of RG equations at the level of the second equation
by replacing the vertices Φ
(4)
κ and Φ
(6)
κ with the corresponding BS vertices.
We start by substituting the BS equation in figure 8 into the tadpole graph in the second line of
figure 2. This produces the set of graphs in figure 12. The diagram labelled (1B) cancels the t- and
u-channels from the bubble graph in the second line of figure 2. The remaining s-channel diagram
can be rewritten by replacing the 4-vertex Φ
(4)
κ on the left side with the BS vertex Vκ in figure 6 .
The result is shown in figure 13. Combining the results in figures 12 and 13 gives the result in figure
14, where we have used the notation in figure 1 to represent the sum of terms ∂κRκ (represented by
a black dot) and ∂κΦ
(2) by a small grey dot (red on-line).
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1
2 =
1
2
(2)
−(4)12
(1B)
+12
1
2
2∂κΦ
(4)
diag2
(3A)
1
2
∂κ(Φ
(4)
diag1−t
+ Φ
(4)
diag1−u
)+12(2)
(3B)
+12
2∂κΦ
(2)
(3C) (4)
+12
1
4
2∂κΦ
(2)
+12
1
2
(6A)
2∂κΦ
(2) +12
1
2
(6B)
FIG. 12. The tadpole diagram from the second RG flow equation with diagonal momenta and the 6-point vertex replaced
using the BS equation in figure 8. In each diagram, the legs on the left side have co-ordinate indices (e, f) and carry momenta
±p. The remaining legs have co-ordinate indices (c, d) and momenta ±k. The dotted boxes indicate combinations that can be
replaced by re-substituting the RG flow equations. The notation ∂κΦ
(4)
diag2
indicates the second diagram on the right side of the
second RG equation in figure 2, ∂κΦ
(4)
diag1−t
indicates the t-channel of the first diagram, etc. The number under each diagram
indicates the term in figure 8 that produced it. The graph labelled (6) in figure 8 produces two different contributions (6A)
and (6B), which correspond respectively to the diagrams in (6) with (c, d) and (a, b) attached to the kernel.
∂κΦ
(4)
diag1−s= (2)
1
2 +(2)
1
2
1
2(2)
1
2
(7) (8)
FIG. 13. The surviving s-channel bubble diagram from the second RG flow equation with the left 4-point vertex replaced using
the BS equation in figure 6. The dotted box on the right side indicates a combination that can be rewritten using the second
RG flow equation.
∂κΦ
(4)
diagonal = 12
(2) + (6A)
+14
(4) + (6B)
+
(3C) + (7)
+12
(3A) + (3B) + (8)
FIG. 14. The result obtained by combining the surviving diagrams in figures 12 and 13. The subscript “diagonal” indicates
that the momentum arguments are ±p on the left legs and ±k on the right legs.
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We now show that this truncation has the same property as the lower order truncation, that the
flow is a total derivative with respect to the flow parameter (see equation (32)). Differentiating the
BS 4-vertex in equation (29) we obtain:
∂κ(Vefcd)κ= ∂κ(Λefcd)κ +
1
2
∂κ(Λefxy)κ (Gxz)κ(Gyw)κ(Vzwcd)κ + (Λefxy)κ ∂κ(Gxz)κ(Gyw)κ (Vzwcd)κ
+
1
2
(Λefxy)κ (Gxz)κ(Gyw)κ ∂κ(Vzwcd)κ . (44)
The third term in this equation is the third diagram on the right side of figure 14, and the fourth
term is the fourth diagram if we identify Vκ = Φ
(4)
κ . In order to obtain a diagrammatic representation
of the first and second terms we need to calculate the derivative of the kernel. Using the fact that
all κ dependence enters through the propagator we have:
∂κ(Λefxy)κ = 4∂κ
δ2Φ
δGefδGxy
∣∣∣∣ = 4∂κ(Gcd)κ δ
3Φ
δGcdδGefδGxy
∣∣∣∣ = 12∂κ(Gcd)κ(Λcdefxy)κ . (45)
This result is the first diagram in figure 14, and substituting (45) into the second term of (44) gives
the second diagram. Combining all pieces, we obtain:
∂κΦ
(4)
κ (p,−p, q,−q) = ∂κVκ(p,−p, q,−q) , (46)
which shows that the truncation has the property that the flow is a total derivative.
B. Truncation at the second level using the 4PI effective theory
The result of the previous section shows that the RG flow equations are equivalent to integral
equations which can be obtained from the 2PI effective action, if one considers only the vertex Φ
(4)
κ
with diagonal momentum arguments. Since the RG equations are obtained by introducing a bi-
local source term, one might suspect that the correspondence between the flow equations and nPI
integral equations is limited to the special case of diagonal vertices and the 2PI effective action. In
this section we show that the correspondence holds at higher orders. We truncate the RG equations
using the BS equations in figures 10 and 11 extended to the deformed theory as in the previous
section.
Substituting figure 10 into the tadpole diagram in the first line of figure 2 produces the diagrams
in figure 15. Similarly, using figure 11 the tadpole diagram the second equation in figure 2 takes the
form shown in figure 16. Substituting figure 16 into the second line in figure 2 we obtain the result
in figure 17.
16
+18
1
3∂κΦ
(4)
diag1
(2) (3) (4)
(2)
+12
= 12
(1)
+14
2∂κΦ
(2) + 148 2∂κΦ
(4)
diag2
(1) + (2)
= 12
(3) + (4)
+ 124
= 12
(1) (3) + (4)
1
24
FIG. 15. The diagrams produced when the BS equation in figure 10 is substituted into the tadpole diagram in the first line of
figure 2. In the second line we regroup the graphs by re-substituting the RG equations and using figure 1. The numbers under
each diagram indicate the pieces of figure 10 that contributed.
= 1
2
−
1
2
(6)
(1) (2) (3)
(4)
1
2
1
3∂κΦ
(4)
diag1+
1
2
1
4
(5)
2∂κΦ
(4)
diag2
+1
2
1
24
2∂κΦ
(2)
κ
+12
1
2
FIG. 16. The result of substituting the 6-point vertex in figure 11 into the tadpole diagram in the second line of figure 2.
= 1
2
(1) + (4) (3) + (5)
+ 1
24
FIG. 17. The second RG equation truncated with the BS equation in figure 11. The numbers under the diagrams correspond
to the pieces of figure 16 that were combined. The diagram labelled (2) in figure 16 cancels the bubble graph in figure 2.
Now we compare our results for ∂κΦ
(2)
κ and ∂κΦ
(4)
κ in figures 15 and 17 with the derivatives ∂κΣκ
and ∂κVκ of the 2- and 4-point functions obtained from the 4PI equations of motion and extended
to the deformed theory. Note that the vertex Vκ depends on the flow parameter κ only indirectly
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through the fact that the equation of motion for the 4-point function is coupled to the equation of
motion for the 2-point function, which is evaluated at G = Gκ after the functional derivatives are
taken.
In the 4PI theory equation (31) becomes:
∂κ(Σij)κ= 2∂κ(Gkl)κ
δ2Φ
δGklδGij
∣∣∣∣
Gκ
+2∂κ(Vklrs)κ(Gka)κ(Glb)κ(Grc)κ(Gsd)κ G
−1
aa′G
−1
bb′G
−1
cc′G
−1
dd′
δ2Φ
δVa′b′c′d′δGij
∣∣∣∣
Gκ
=
1
2
∂κ(Gkl)κ(Λijkl)κ +
1
24
∂κ(Vklrs)κ(Gka)κ(Glb)κ(Grc)κ(Gsd)κ(Λκ)abcdij . (47)
Equation (47) is precisely the result that is shown in the last line of figure 15 if we identify Vκ = Φ
(4)
κ ,
which means we have obtained the equation
∂κΦ
(2)
κ (p) = ∂κΣκ(p) , (48)
at the level of the 4PI effective action.
For the 4-point function we have:
∂κ(Vxywz)κ= 4!∂κ
[
G−1xx′G
−1
yy′G
−1
ww′G
−1
zz′
∂2Φˆ
δVx′y′w′z′
]
G=Gκ
= 4!∂κ(Gab)κ
[
δ
δGab
(
G−1xx′G
−1
yy′G
−1
ww′G
−1
zz′
∂Φˆ
δVx′y′w′z′
)]
G=Gκ
+ ∂κ(Vabcd)κ
[
δ
δVabcd
(
G−1xx′G
−1
yy′G
−1
ww′G
−1
zz′
∂Φˆ
δVxywz
)]
G=Gκ
=
1
2
∂κ(Gab)κ(Λabxywz)κ +
1
4!
∂κ(Vabcd)κ(Gax)κ(Gby)κ(Gcw)κ(Gdz)κ(Λabcdxywz)κ . (49)
The hat indicates that the basketball diagram has been removed from the effective action (since
this is the diagram that produces the left side in the V equation of motion in figure 5 - see the
discussion under equation (20)). The basketball diagram does not contribute to either the 6-point or
8-point kernel (it produces Λdiscoabcdxywz). There are no contributions from the functional derivative with
respect to G acting on the inverse propagators because the sum of these terms gives zero using the
V equation of motion. Equation (49) is exactly the equation shown in figure 17 if we use Vκ = Φ
(4)
κ .
Thus we have obtained:
∂κΦ
(4)
κ (p1, p2, p3,−p1 − p2 − p3) = ∂κVκ(p1, p2, p3,−p1 − p2 − p3) , (50)
which is the generalization of equation (46) to non-diagonal momenta.
Equations (48) and (50) show that the RG equations for the 2- and 4-point functions are total
derivatives whose integrals can be written as the 4PI equations of motion.
VIII. CONCLUSIONS
In this paper we have studied the connection between two different formalisms that are commonly
used to study non-perturbative systems: the exact renormalization group and n-particle irreducible
effective theories. We have derived Bethe-Salpeter type integral equations that can be used to
truncate the RG flow equations, and shown that the resulting flow equations for the 2- and 4-point
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functions are total derivatives whose integrals give the nPI eom’s. Since the full hierarchy of RG
flow equations are obtained using a single bi-local source term, this result is surprising and suggests
that a BS truncation at arbitrary orders produces equations whose integrals gives the nPI eom’s.
This establishes a direct connection between two non-perturbative methods. It also means that the
truncation of the RG equations at any level of the hierarchy can be systematically extended by
adding more and more skeleton diagrams to the effective action. For the nPI formalism, there might
be a practical advantage in reformulating the integral equations as flow equations, because initial
value problems are usually easier to solve than non-linear integral equations.
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Appendix A: Derivation of the BS equation for the diagonal 6-point vertex from the 2PI effective action
In this appendix we give some details of the derivation of the result in figure 8. Substituting
equations (24), (25), (36) and (39) into (35) one finds immediately that all terms that contain a
factor δij cancel exactly. There are 10 remaining terms, which are shown in figure 18. The 6-point
boxes in this figure are amputated vertex functions, which is indicated by the letter ‘A’ inside each
box.
FIG. 18. The diagonal 6-point vertex function in terms of amputated vertices.
The diagrams in parts (7), (8) and (9) of the figure contain disconnected contributions, but one
immediately sees that they cancel using the lower-order BS equation in equation (27). Parts (1) and
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(3) of the figure can be written in terms of proper vertex functions using:
V amputatedabcdef = Vabcdef +Gz7z8Vabcz8Vdefz7 +Gz7z8Vabdz8Vcefz7 +Gz7z8Vacdz8Vbefz7 +Gz7z8Vaefz7Vbcdz8
+Gz7z8Vabez8Vcdfz7 +Gz7z8Vacez8Vbdfz7 +Gz7z8Vadfz7Vbcez8 +Gz7z8Vadez8Vbcfz7
+Gz7z8Vacfz7Vbdez8 +Gz7z8Vabfz7Vcdez8 ,
= Vabcdef + (10)Gz7z8Vabcz8Vdefz7 . (A1)
The results are shown in figures 19 and 20. One can see immediately that (1C) cancels (5), and
(1D) and (3D) cancel (10) when we use the BS equation for the 4-vertex in (27) in the lower vertex
in (10). The survivors are shown in figure 8.
FIG. 19. The diagram in part (1) of figure 18 in terms of proper vertices.
FIG. 20. The diagram in part (3) of figure 18 in terms of proper vertices.
Appendix B: Derivation of the functional derivative δV/δR
In this appendix we calculate δVxywz/δRab using the same technique as in sections VA and VIB.
In the symmetric theory we have:
δ
δRab
Vxywz =
δ
δRab
(
G−1xx′G
−1
xx′G
−1
xx′G
−1
xx′V
c
x′y′w′z′
)
. (B1)
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We separate the contributions from the derivative acting on the inverse propagators and the con-
nected vertex function. If the derivative acts only on the vertex function we have:
G−1xx′G
−1
yy′G
−1
ww′G
−1
zz′
δ
δRab
V cx′y′w′z′
= G−1xx′G
−1
yy′G
−1
ww′G
−1
zz′
δ
δRab
(
〈ϕx′ϕy′ϕw′ϕz′〉 − 〈ϕx′ϕy′〉〈ϕw′ϕz′〉 − 〈ϕx′ϕw′〉〈ϕy′ϕz′〉 − 〈ϕx′ϕz′〉〈ϕy′ϕw′〉
)
,
=
i
2
G−1xx′G
−1
yy′G
−1
ww′G
−1
zz′
(
〈ϕx′ϕy′ϕw′ϕz′ϕaϕb〉 −Gab〈ϕx′ϕy′ϕw′ϕz′〉 − (6)Gx′y′〈ϕaϕbϕw′ϕz′〉
+ 2(3)GabGx′y′Gwz
)
,
=
i
2
(
(8)Gaz1δbzVwxyz1 + (4)Gz3z4Gaz1Gbz2Vxz1z2z3Vwyzz4 + (6)Gz3z4Gaz1Gbz2Vxzz2z3Vwyz1z4
+Gaz1Gbz2Vwxyzz1z2
)
. (B2)
Now we consider the contribution obtained when the derivative acts only on the inverse propagators.
To differentiate the inverse propagators we use:
δG−1ij
δRab
=
δG−1ij
δGmn
δGmn
δRab
, (B3)
with the result for δGmn/δRab given in equation (25) and the derivative of the inverse propagator
given by:
− 2
δG−1ij
δGmn
= G−1imG
−1
jn +G
−1
in G
−1
jm . (B4)
Using equations (25), (B3) and (B4) we obtain:
V cx′y′w′z′
δ
δRab
(
G−1xx′G
−1
xx′G
−1
xx′G
−1
xx′
)
= −
i
2
(
(8)Gaz1δbzVwxyz1 + (4)Gz3z4Gaz1Gbz2Vxz1z2z3Vwyzz4
)
.
.(B5)
Substituting the results in equations (B2) and (B5) into (B1) we obtain:
δ
δRab
Vxywz =
i
2
Gaz1Gbz2
(
Vwxyzz1z2 + (6)Gz3z4Vxzz2z3Vwyz1z4
)
. (B6)
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